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Introduction

Hansen (2022)

Hansen claims that Gauss-Markov theorem (GMT) and Aitken theorem finite-sample
variance lower bounds (LB) can be restated without explicitly restricting attention to
linear estimators.

— OLS/GLS are the best unbiased estimators (BUE). Drop the “L"” from BLUE.

Pé6tscher and Preinerstorfer (2023, 2024): relevance?

Could a nonlinear unbiased estimator beat OLS/GLS in finite samples?

The answer depends almost entirely on the class of data-generating distributions.
Hansen's results either:

o Merely re-state Aitken or GMT;

e Add much more restrictive assumptions.

Follow-up papers



Back to the basics



Classical setup
Fixed-design linear regression:

Assumption 11 Y,x1 = XpoxkBix1 + €nx1, k< n,
Assumption 2: E[e] =0,
Assumption 3: 0 < Var(e) = E[ee’] = ¢%X < o0,

where rank(X) = k and X is symmetric, n X n, and positive definite.
Standard estimators:

Bors =(X'X)IX'Y = AY,
Bars =(X'TIX) XLy,

Definition 1: Variance comparison

For vectors, “smaller variance” means Loewner order: Varg(j3) — Varg(f) = 0.



Definition 2: distribution classes

Let F be the ¢DF of Y. Construct sets of distributions:

4 )
Fr = U Fo(X). Set of joint distributions that satisfy A.1-3.
>0
4 S y R
Fixed covariance shape Independent sampling

Far) =
{F: Ef[Y] = XB, Varg(Y) = 0°L}.

F5 C F». Diagonal X.

(Heteroskedastic case)

yan

________________________

Homoskedastic
F5 € Fp.
> =1,




Finite-sample variance lower bounds

Theorem 1: Gauss—Markov

If B is (i) a linear estimator and (ii) is unbiased ¥ F € F»(1,), then
Varg(B) = 02(X'X)™! = Varg(Bows), for every F € Fa(l,).

Theorem 2: Cramér-Rao

If B is (i) unbiased ¥ F € F¥ = Fa(l,) N {e ~ N(0, l,02)}, then
Varp(B) = 0?(X'X)™! = Varg(Bows), for every F e .7-";’.

Theorem 3: Aitken

If 3 is (i) a linear estimator and (ii) is unbiased V F € F»(X), then
Var,:(ﬁA) = o?(X'TIX) = VarF(ﬁAGLS), for every F € F»(X).



Hansen (2022)



Hansen’s main claim

Theorem 4: modern Aitken

If 3 is (i) unbiased V F € F>, then,
Varg(B) = o?(X'E71X)7L,  for every F € F,. [Or Fa(E).]

[Equivalent, more useful formulation in squared parenthesis. To see Modern GMT plug-in & = /,.]

Implication (wrong, under D.3)

T.1: OLS is BLUE if errors are homoskedastic;
T.2: OLS is BUE if errors are homoskedastic and normal;
T.3: GLS is BLUE.

e Hansen (2022) T.4: GLs is BUE and OLS is BUE under homoskedasticity.

Definition 3: Best estimators (very informal; source: me)

BUE/BLUE only if unbiased requested for exact ¥ up to o2 rescaling.

Source: Hansen (2022), Theorem 4; equivalence formulation in PStscher and Preinerstorfer (2024)



The devil really is in the detail

Hansen (2022) (correctly) re-writes alternative (worse...) theorems:

Theorem 1(b): alternative Gauss-Markov

If 3 is (i) a linear estimator and (ii) is unbiased ¥ F € F3, then
Varg(B) = 0?(X'X)™t = Varg(Bows), for every F e F3.

Theorem 3(b): alternative Aitken

If B is (i) a linear estimator and (ii) is unbiased ¥ F € F>,, then
Varg(B) = o?(X'E7X) ™t = Varg(Baws), for every F € Fo. [Or Fo(X)]



Potscher—Preinerstorfer (2024)



Getting hot
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The P&P reframing: two equivalent classical statements

e Delete “linear” (3 = CY) from T.3(b) keeps it correct. Hence T.4 is correct.

e Removing “linear” from T.3 makes it false.
Theorem 7: Global unbiasedness forces linearity
If B is an estimator (i.e., Borel-measurable function of Y), with

Er[B] = B(F) for every F € F, = 3 C e R*": =Y.

Implication (true, this time)

e Hansen's T.4 applies to exactly the same estimator class as T.3 (Aitken).

e It's a mere mathematical re-writing. Linearity does not appear in the statement;
but it's reintroduced through global unbiasedness.
Source: Theorem 3.4 of Pétscher and Preinerstorfer (2024). Portnoy (2022) independently established a closely related linearity result, but P&P

emphasize that it gives only Lebesgue almost-everywhere linearity. Hansen's model class allows discrete distributions. A Lebesgue-null exceptional set
can carry positive probability under a discrete distribution. See Remark 3.6 in Potscher and Preinerstorfer (2024).
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Deleting “linear” gives two different statements

Statement A: False in general. Statement B: True, but...

Unbiased only over the fixed
model F>(X); ask whether GLS
is best among all such unbiased

Unbiased over the union F, =
Uq F2(2); evaluate bound under
Fo(X).

| !

Global unbiasedness
forces 5’ = CY

estimators.

Non-linear estimators
may improve variance
for some distributions

This is why | do not like the unqualified statement “GLS is BUE.” It is only BUE when
we restrict the problem to exclude all competing nonlinear estimators!
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Hansen (2024)



Timeline

Portnoy
(2022)
Potsch
P&P Lei-Wooldridge P&P comment | °t5° Tr
I
(arXiv, 22-23) (2022) (ECMA, 2024) 3(52 O;f)y
2021 2022 2023 2024
Hansen Hansen Hansen's reply
(wp, 2021) (BCMA, 2022) (ECMA, 2024)

Source: Timeline built from the references and chronology in Potscher and Preinerstorfer (2023), Hansen (2024), and Pétscher (2024). This section
actually presents results that were first published in Hansen (2022). But they came back again in the reply Hansen (2024), so | present them here.




Hansen’s second (and better) claim

Theorem 4 allows arbitrary covariance/dependence, subject to finite second moments.

Theorem 5: modern Aitken for independent sampling.
If Bis (i) unbiased V F € F3, then,
Varg(3) = o?(X'E71X)7L,  for every F € F3.[Or F5(X)]

Theorem 6: modern Gauss-Markov for independent sampling.

If 3 is (i) unbiased ¥ F € F3, then,
Varg(B) = o2(X' X)L, for every F € F3.

Implications (with a but...)
e Hansen (2022) T.5: GLs is BUE. (Not under D.3.)
e Hansen (2022) T.6: oLS is BUE under homoskedasticity. (Really not under D.3.)

Source: Hansen (2022), Theorem 5 and 6. Location-model example in Hansen (2024) shows T.5 is not vacuous.



Nonlinear unbiased estimators for Theorem 5?7

Definition 4: Linear-plus-quadratic estimators

Y'Hy Y
Ba = BoLs + : ., with H; = H, tr(H;X) =0, X'H;X = 0.
Y'HeY

Lemma 1: Unbiased estimators for independent sampling

LPQ estimators are unbiased estimators for all 5, independent sampling.

Source: Appendix A of Pdtscher and Preinerstorfer (2023)
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Unbiasedness class (columns) vs. evaluation class (rows)

For(X) F2 I3 F9
Fa(X) NL unbiased can GLS LB. Hansen NL biased in NL biased in
beat LS. Linearity: T4. P&P: unbiased general. general.
Aitken = GLS = linear. Aitken in
LB/BLUE. disguise.
F3(X) Over-strong, same  Over-strong. GLS LB. Hansen NL biased in
as above. Hansen T4 applies. T5. NL exists, LPS general.
by Lemma 1. So
GLS is “BUE".
F(1,) Over-strong, same  Over-strong. OLS LB. Hansen NL unbiased can

as above.

Hansen T4 applies.

T6. NL unbiased
exist. OLS is

“ "

BUE' .

beat oLs. With
linearity: aMT =
OLS LB/BLUE.

Notes: No independence is needed for GMT nor Aitken's. NL means nonlinear estimators; LB means finite-sample variance

lower bound; LPQ denotes linear-plus-quadratic estimators.

Source: Me.
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Hansen’s 2024 reply

On Theorem 4
Hansen acknowledges that if all unbiased estimators are linear in that setting, this

severely limits the relevance of Theorem 4.

On independent sampling

He shifts emphasis to Theorem 5: under independent sampling with arbitrary
heteroskedastic variances, GLS is the best unbiased estimator; nonlinear unbiased
estimators exist, but do not improve variance.

On teaching
He proposes replacing BLUE by BUE in the independent-sampling contexts, with
careful explanations of what “unbiased” means.

Source: Hansen (2024).
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Potscher (2024), other critics, and conclusion



Getting even hotter
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Under independence, what changed?

The critics’ message

Hansen’s contribution °

e In general o can
reduce variance. ~

e However, « =0 is ~

optimum for
unbiased V F5.

Classical cMT/Aitken don't require independence.
T.5 has wider unbiasedness class than Aitken.

T.5 is not that new: very similar to Koopmann
(1982) and Gnot et al. (1992).

T.6 is not useful.

Language play more than mathematical contribution.

Lei and Wooldridge (2022) get T.5 with restrictions
on third moments rather than independence.

Informal teaching statements risk being interpreted
with fixed variances, which can make the statement
false.

Source: Longer discussion in Potscher and Preinerstorfer (2023) and Lei and Wooldridge (2022).
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Thank you.
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